The water wave problem is mathematically formulated as a free boundary problem for an irrotational flow of an inviscid and incompressible fluid under the gravitational field. The basic equations for water waves are complicated due to the nonlinearity of the equations together with the presence of an unknown free surface. Therefore, until now many approximate equations have been proposed and analyzed to understand natural phenomena for water waves. Famous examples of such approximate equations are the shallow water equations, the Green-Naghdi equations, Boussinesq type equations, the Korteweg-de Vries equation, the Kadomtsev-Petviashvili equation, the Benjamin-Bona-Mahony equation, the Camassa-Holm equation, the Benjamin-Ono equations, and so on. All of them are derived from the water wave problem under the shallowness assumption of the water waves, which means that the mean depth of the water is sufficiently small compared to the typical wavelength of the water surface.
where η = η(x, t) is the surface elevation, b = b(x) represents the bottom topography, ϕ 0 = ϕ 0 (x, t) and ϕ 1 = ϕ 1 (x, t) are related to the velocity potential Φ = Φ(x, z, t) of the water by an approximate formula Φ(x, z, t) = ϕ 0 (x, t)
, t) and H = H(x, t) is the depth of water and is given by H(x, t) = h + η(x, t) − b(x).
Here, g is the gravitational constant and h is the mean depth of the water. t is the time, x = (x 1 , x 2 , . . . , x n ) ∈ R n is the horizontal spatial coordinates, and z is the vertical spatial coordinate. The model are nonlinear dispersive equations and the hypersurface t = 0 is characteristic for the model equations. Therefore, the initial data have to be restricted in an infinite dimensional manifold in order to the existence of the solution, and we show that the manifold is invariant under the time evolution. This talk is based on the joint research with my former student Yuuta Murakami.
